It is shown that light front thermal field theory is equivalent to the conventional one. The proof is based on the use of spectral representations, and applies to all Lagrangians for which such equivalence has been proven at zero temperature. It is also pointed out that conventional spectral functions can be used to express light-front finite temperature propagators. As an application of our approach we derive the light-front finite temperature fermion propagators in the full Dirac space.
I. INTRODUCTION.
The light-front (LF) formulation of quantum field theory, where quantization arises from equal LF "time" commutation/anticommutation relations, offers some advantages over the conventional formulation where equal usual times are used for quantization. In this respect, perhaps the three most often quoted advantages of the LF approach are: kinematical boosts, a much less complicated vacuum, and much simpler eigenstates. The last two properties are related and may be especially beneficial for thermal field theory where the main object of interest, the ensemble average, is just a sum over eigenstates.
With such considerations in mind, the problem of formulating thermal field theory on the light front has been addressed in a number of recent papers [1] [2] [3] [4] . In Ref. [2] , Alves, Das, and Perez proposed the LF version of the imaginary time scalar particle propagator, and used this to calculate the self-energy loop diagram. The result of this calculation looked so different from the conventional one, that only after Weldon [4] made use of a clever transformation of the integration momentum variable did it become clear that this difference is illusive.
In the present note we show that the whole LF approach using the imaginary time scalar particle propagator proposed in Ref. [2] , is equivalent to the conventional one. Our method is based on spectral representations of Green functions, and can be applied to the case of any Lagrangian for which such equivalence has been shown at zero temperature [5] [6] [7] [8] [9] [10] [11] [12] . In this respect, we note that the spectral function of the Lehman representation is already well recognized as being very useful for relating different types of Green functions (imaginary time, real time, advanced, retarded, etc.) in the conventional approach. Here we show how to use the conventional spectral function to derive a LF free particle propagator of arbitrary spin in either imaginary or real time formalism. This allows us to derive fermion propagators in the full Dirac index space.
A. General proof of equivalence of light front and conventional thermal field theory
The problem of calculating the ensemble average Tr e −βH L O L in LF quantised field theory can be reduced to the calculation of the fully dressed LF imaginary time propagator ∆ L given in coordinate and momentum space by
where the operator of energy H L and the operator of some physical quantity O L are defined in the LF quantised theory, ω n = 2nπT (ω n = (2n + 1)πT ) for the scalar (spinor) particle
is a noninteracting particle field operator, φ(0, x) = φ(x)| x + =0 , and the imaginary time ordering product is defined as
Note that although τ is associated with the usual time, Eq. (2) represents the ordering of the interacting fields with respect to the LF "time" x + [see Eq. (9) and discussion below], in contrast to the usual time ordering in Eq. (3). It is also important to note that Eq. (1) defines the LF imaginary time formalism exactly, and in the case of scalar particles (only), it defines perturbation theory with the free propagator suggested in Ref. [2] .
We will prove that the analytic continuation of the fully dressed LF imaginary time propagator ∆ L (iω n , p) to real energies, iω n → p 0 , is identical to the analytic continuation of the fully dressed conventional imaginary time propagator ∆(iω n , p), where
and H is the conventional energy operator. First we will relate ∆ L (iω n , p) to the real time LF Green function
via the Lehman representation which can be derived for LF Green functions in a way similar to that for conventional Green functions (see Ref. [13] for the conventional case):
where f (p 0 ) = (e βp 0 − 1) −1 and the LF spectral function is
The difference between ρ L (p) and the conventional spectral function ρ(p) [see Eq. (11)] is only in the eigenstates |Lm of the LF form of dynamics which are different from the conventional ones (denoted by |m in Ref. [13] ). In the free case there is no difference between these eigenstates and therefore the free LF and conventional spectral functions are identical. The unusual scalar product p 0 t − px in the exponent of Eq. (4) can be written in the invariant form
where Φ L (x) is the LF Heisenberg field operator; thus
Given that √ 2(x ′ ) + = t, T τ ordering in Eq. (4) implies LF time ordering T + , so that Eq. (4) can be written in the form
with the understanding that
There is a well known relation between conventional real and imaginary time Green functions via the spectral function ρ(p) [13] [14] [15] :
∆(iω n , p) = − dp
where D(p 0 , p) is the conventional real time Green function, defined as
For a perturbative treatment the propagator of Eq. (13) should be written in the interaction representation [16] , with Φ(x) = e iHt φ(0, x)e −iHt = U(0, t)φ(x)U(t, 0):
where S = U(∞, −∞) and
H I (x) being the interaction part of the Hamitonian density in the interaction picture. We note the unusual appearance (for zero temperature perturbation theory) of the inverse Smatrix, S −1 , the source of doubled degrees of freedom [16] . An analogous LF interaction representation can be written for D L :
where
L is the LF Hamiltonian, i.e. the minus component of the four-momentum operator, and 
where x ′ is defined in Eq. , which already means the equivalence of real time LF and conventional thermal field theories. As we will see shortly, this also leads to the identity between ∆ L (p 0 , p) and ∆(p 0 , p), the analytic continuations of the LF and conventional imaginary time propagators. To define the unique analytic continuation of ∆(iω n , p), given for the discrete values ω n = 2πn/β, only two requirements have been used in the conventional approach: (i) |∆(z, p)| → 0 as |z| → ∞, and (ii) that ∆(z, p) is analytic outside the real axis [13] [14] [15] . Placing the same requirements on ∆ L (p 0 , p), one gets the unique analytic continuation of the LF imaginary time propagator as well: To apply the above proof to the case of fermions, we note that in the LF approach the components of the fermion field become constrained, and as a result of the constaints, the interaction part of the LF Hamiltonian, P − LI , aquires extra terms, so that the perturbation theory for Eq. (18) has extra vertices compared to that for Eq. (15) . At the same time, the free fermion propagators are different [see Eq. (29)]. Without going into details here, the general strategy is similar to the one used in the zero temperature case [5] [6] [7] [8] [9] [10] [11] . One can show that the effect of the extra vertices in the LF perturbation theory of Eq. (18) can be taken into account by adding the following instantaneous term to the LF propagator of Eq. (29):
This turns the LF propagator into the conventional 2 × 2 real time propagator. This proves the equivalence of the LF real time thermal field theory with fermions to the conventional one for all Lagrangians for which such an equivalence has been shown at zero temperature, as done for example in Refs. [5] [6] [7] [8] [9] [10] [11] . The rest of the proof is based on the spectral representations and follows the same procedure presented above for the scalar particle case. The strategy drawn in this note allows one to include other particles as well.
B. Free propagators
With the help of spectral functions, we will derive the free propagators of LF thermal field theory, including the fermion propagators in the entire Dirac index space. In Ref. [2] it was suggested that the fermion propagator be expressed in the spinor subspace projected by P + = γ − γ + /2. Yet there is clear need for the fermion propagator in the entire spinor space, for example, to keep under control the compensation between differences in vertices and propagators with respect to the conventional approach.
Using the eigenstates of the noninteracting system in Eq. (7), one gets the spectral functions of the free scalar and spinor particles:
Although the free spectral functions are the same in the LF and conventional approaches, the fermion bare propagators are not:
where n F (x) = (e βx + 1) 
When fermions are involved the interaction part of the ligh-front Hamiltonian has an extra part resulting from resolving constraints, whose effect is an instantaneous addition to the propagator ∆
where p n = p. Eq. (27) 
The difference between Eq. (27) and Eq. (28) is similar to the scalar particle case in that the replacement p 0 → iπ(2n + 1)T in the empty space propagator is carried out when different remaining variables p and p are fixed respectively.
It is not dificult to derive a spectral representation for the 2 × 2 propagators of the real time formalism and to write down the analog of Eq. (7) for the corresponding 2 × 2 spectral function. Then again we will see that the spectral function of a free particle is universal for the LF and conventional approach. As a result we will obtain the following expression for the LF real time fermion propagator
which differs from the conventional one by having thep in the numerator be on mass shell.
